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Results from numerical simulations of two-dimensional, shear-thinning Carreau fluid flow over an unconfined circular
cylinder are presented in this paper. Parametric sweeps are performed over the various Carreau model parameters and
trends of the time-averaged force coefficients and vortex characteristics are reported. In general, increased shearthinning results in lower viscous forces on the body but greater pressure forces, resulting in a complex non-monotonic
drag response. Lift forces generally increased with shear-thinning due to the dominant pressure contribution. The
decrease in fluid viscosity also led to shorter vortex formation lengths and the consequent rise in Strouhal frequency
of vortex shedding. It is expected that these results will be useful for verification of computational models of unsteady
non-Newtonian flows.

Non-Newtonian fluids are routinely encountered in the form of industrial fluids (e.g. polymer solutions,
emulsions, molasses, silicone oils) in several arenas such as the food, paper, process engineering [1] and bio-chemical
industries. Many common biological fluids like honey, blood, synovial fluid, saliva, and semen also belong to this
class of fluids. Non-Newtonian fluids are characterized by complex constitutive properties, such as shear-dependent
viscosity, fluid elasticity and the dependence of fluid properties on deformation history. Fluids like blood can be
characterized as viscous inelastic and are classified as shear-thinning or shear-thickening based on the influence of
deformation on fluid viscosity. A simple inelastic viscous fluid may be represented as a Generalized Newtonian fluid,
in which shear-stress has linear proportionality with shear-rate, but the coefficient of proportionality has a non-linear
dependence on shear-rate. Generalized Newtonian fluids are commonly modeled using the power-law or the CarreauYasuda models [2,3].
A large body of work involving simulations of flow of power-law fluids over bluff bodies exists. For instance,
Bell and Surana [4] performed finite-element simulations of power-law flow through 2D ducts, inside square, driven
cavities and in sudden expansions. Chhabra and colleagues have analyzed steady power-law flow over unconfined [5]
and confined [6] circular cylinders. Additionally, stability analysis was performed for the wake of the unconfined
cylinder [7]. The group also modeled unsteady flow over unconfined circular cylinder [8] and heat-transfer in steady
flow [9]. Finally, data is also available for power-law flow past elliptic [10], square [11] and triangular [12] cylinders.
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Although a significant corpus of numerical simulations exists for power-law fluids, the model is not suitable
for applications where distinct upper and lower bounds, with smooth transitions, need to be defined for fluid viscosity.
Thus, other models like the Casson, Cross and the Carreau-Yasuda models and their variants have recently received
attention for a variety of applications including, but not limited to, hemodynamic modeling [13,14,15,16], convection
in porous media [17] and magnetohydrodynamic flows [18]. Despite its increasing popularity, very little canonical
simulation data is available in literature for Carreau fluids. Coelho and Pinho [19,20,21] performed experiments of
weak polymer solution flow over circular cylinders, and fitted Carreau-Yasuda model parameters for the fluid
viscosity response. It is however acknowledged by the authors that the polymer solutions are viscoelastic, and thus
application of the Carreau-Yasuda model to these fluids is somewhat suspect. Haque et al. [22] studied the effect of
shear-thinning and shear-thickening Carreau fluids on the transition of flow in a square shear-driven cavity from twoto three-dimensional. Lashgari et al. [23] used linear stability theory and direct numerical simulation to determine the
critical Reynolds number at which the wake of a circular cylinder immersed in Carreau fluid becomes unstable.
Recently, Pantokratoras [24] simulated steady Carreau flow over a circular cylinder and reported trends of drag
coefficient variation with changes in model parameters. To the best of our knowledge, computational work on Carreau
fluid flow past circular cylinders has been limited to steady flows and no work exists which reports data on unsteady
flow characteristics involving bluff bodies. Such data would be particularly useful for benchmarking codes that
employ this model. To this end, the present study reports quantitative data for Carreau flow past a circular cylinder.
Simulations are conducted for a range of Carreau fluid parameters and forces, pressures, vortex shedding frequencies
and wake parameters are presented.
In this report, we present results from a set of simulations of Carreau fluid flow with velocity U∞ over an
unconfined cylinder of diameter D. All simulations were performed using a finite-difference-based, incompressible
fluid-structure interaction solver, which uses the sharp-interface immersed boundary method of Mittal et al. [25]. The
method uses a second-order accurate ghost-cell formulation for imposing boundary conditions over Cartesian grids
and second-order spatial and temporal discretization. The original solver integrates the incompressible Navier-Stokes
equations in the conservative form (Equations (1) & (2)) using a fractional step method.

𝛻∙𝒖=0
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(1)

𝜕𝒖
+ 𝛻 ∙ (𝒖𝒖) = −𝛻𝑝 + 𝛻 ∙ (2𝜇𝑺)
𝜕𝑡

(2)

In the above equations, all symbols have their usual meaning. The fractional step method consists of an advectiondiffusion (AD) step, followed by velocity correction, which enforces the divergence-free constraint via the solution
of the pressure Poisson equation. In the above equations, S is the symmetric strain-rate tensor, relates to the velocity
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gradient tensor as 𝑺 = (𝛻𝒖 + 𝛻𝒖𝑇 ) and μ is the non-dimensional kinematic viscosity, which for Newtonian fluids is
2

a constant. This solver has been modified to solve Carreau fluids by simply replacing the Newtonian viscosity by an
expression governing a Carreau fluid:

𝜇 = 𝜇∞ + (𝜇0 − 𝜇∞ )[1 + (𝜆𝛾̇ )2 ](

𝑛−1
)
2

(3)

In equation (3), viscosity at shear-rate 𝛾̇ is interpolated between limiting values at zero (μ0) and infinite shear (μ∞) and
λ determines the shear-rate at which viscosity transitions (as ~𝛾̇ 𝑛−1 ) from the zero-shear viscosity plateau to powerlaw-like behavior. For shear-thinning fluids, n < 1. In this report, we perform parametric sweeps over n, λ and μ∞, and
report values for the Strouhal number of vortex shedding, and the time-averaged drag and the RMS lift coefficients.
The viscous (Fv) and pressure (FP) forces on the body, per unit depth, are calculated as described in equation (4):

𝑭𝑉 = ∮ 𝜇(𝛻𝒖 + 𝛻𝒖𝑇 ) ∙ 𝒏𝑑𝑠,

𝑭𝑃 = ∮ 𝑝𝒏𝑑𝑠

(4)

The streamwise and cross-stream components of the above forces constitute the drag and lift experienced by the body,
respectively. In this report, the normalized drag and lift forces are expressed via the respective force coefficients, CD
and CL, defined in equation (5):

𝐶𝐷 =

∮[𝜇(𝛻𝒖 + 𝛻𝒖𝑇 ) ∙ 𝒏 + 𝑝𝒏]𝑥 𝑑𝑠,
1 2
𝜌𝑈 𝐷
2 ∞

𝐶𝐿 =

∮[𝜇(𝛻𝒖 + 𝛻𝒖𝑇 ) ∙ 𝒏 + 𝑝𝒏]𝑦 𝑑𝑠,
1 2
𝜌𝑈 𝐷
2 ∞

(5)

For the sake of brevity, trends of pressure and viscous components of force coefficients are not described herein.
To verify the ability of the present solver to accurately predict critical flow phenomena and other derived
quantities, we simulated the several cases presented by Lashgari et al. [23]. In the first set of results, we simulated
flow of shear-thinning Carreau fluid over an unconfined circular cylinder at a subcritical Reynolds number 10
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(𝑅𝑒 = 𝑈∞ 𝐷/𝜇0 ). Setting µ∞ = 0.001µ0 and λ= 10, the power-law index was varied between 0.4 and 1.0. The observed
steady-state drag coefficients are reported in Table 1, showing agreement to within 5% of published results [23, 24].
Additionally, through numerical simulations, we verified the neutral stability curve for the steady cylinder wake, as
reported by Lashgari et al. [23]. To do this, we simulated the fate of the cylinder wake at ±5% of the reported critical
Reynolds number for each power-law index with µ∞ = 0.001µ0 and λ= 10. It is expected the subcritical and supercritical
simulations respectively result in steady and unsteady wakes. Since the Reynolds numbers are very close to the
corresponding critical values, the simulations need to be run for a long time (tU∞/D ~ 900) before wake instabilities
may observed. The wake fates are also tabulated in Table 1 which indicate that with increasing shear-thinning tendency
of the fluid, the critical Reynolds number for the wake instability decreases. This is consistent with the findings of
Coelho and Pinho [19,20,21]. It further shows an excellent corroboration of the critical Reynolds number, obtained
using linear stability theory by Lashgari et al. [23]. Particularly, the case of n = 0.4 indicates that the solver can predict
changes in flow regimes for very small changes in flow Reynolds numbers. This demonstrates the ability of the present
solver to accurately predict fundamental flow phenomena, in addition to the forces experienced by the body.

Drag coefficient for subcritical Re 10.
n

Wake stability analysis

CD
(Present)

CD
[23]

%
Error

CD
[24]

%
Error

Critical
Re [23]

0.4

1.19

1.24

4.03

1.22

2.45

0.6

1.67

1.71

2.34

1.67

0.8

2.23

2.25

0.89

1.0

2.89

2.81

2.85

Subcritical test

Supercritical test

Re

Wake fate

Re

Wake fate

20

19

Steady

21

Unsteady

0.00

31

29

Steady

33

Unsteady

2.20

1.36

47

45

Steady

49

Unsteady

2.75

5.05

77

74

Steady

80

Unsteady

Table 1: Results for steady-state drag coefficient at subcritical Re 10 and cylinder wake stability analysis for various values of
power-law index n. In each set of simulations, µ∞ = 0.001µ0 and λ= 10.0. Comparison with relevant published data [23,24] is
provided indicating very good agreement in each case.

For all unsteady results presented herein, the cylinder is placed in a 40D×40D domain, centered at
(15D,20D), and discretized using a (401×385) non-uniform Cartesian grid. A rectangular region of size 4D×4D
extending into the wake is provided with high, isotropic resolution (∆x=∆y=D/50). Beyond this region the grid is
stretched in all directions. Downstream of the cylinder the change in size of consecutive cells constrained to < 3% to
prevent excessive numerical dissipation of solution. This grid resolution was selected after testing the effect of grid
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refinement on extracted quantities like the drag and lift coefficients and their pressure and viscous components. It was
observed that halving the grid spacing resulted in a maximum deviation in the derived quantities of < 1%. The
simulation Reynolds number is defined with respect to the reference zero-shear viscosity (𝑅𝑒0 = 𝑈∞ 𝐷/𝜇0 ), the fluid
relaxation time λ is defined in terms of the Carreau number (𝐶𝑢 = 𝑈∞ 𝜆/𝐷), and μ∞ is defined relative to μ0 via the
non-dimensional parameter 𝑘𝜇 = 𝜇∞ /𝜇0 . The baseline values for the model parameters are: Re0 = 100, kμ = 0.5, n =
0.5 and Cu = 1.0. This choice of parameters is based on the desire to keep the maximum local Reynolds number
(𝑈∞ 𝐷/𝜇) in the range where the cylinder wake does not develop spanwise instabilities and the flow remains twodimensional (< 200). All simulations result in the eventual development of periodic vortex shedding and averages are
accumulated over at least 80 shedding cycles to ensure statistical convergence.

FIG 1: (a), (c) Vorticity contours at tU∞/D = 800 using n = 1.0 and n = 0.25, respectively. Solid and dashed lines are used to denote
positive and negative vorticity, respectively. (b) Time varying drag and lift coefficients for the two simulation cases and (d) timeaveraged normalized viscosity contour plot for n = 0.25.

In the first parameter sweep n is varied from 1.00, the Newtonian limit, to 0.25 in increments of 0.25. As n
is decreased, the fluid thins more rapidly with shear. FIG 1 (a) and (c) illustrate vorticity contours in the cylinder wake,
using n = 1.0 (Newtonian) and n = 0.25 (Shear-thinning), respectively at tU∞/D = 800. The two snapshots are taken at
very similar phases during the vortex shedding cycle and it is observed that the attached wake and shed vortices in the
shear-thinning case are smaller than those in the Newtonian case. The time-varying drag and lift coefficients in each
case, during the periodic vortex shedding phase are illustrated in FIG 1 (b). It is observed shear-thinning resulted in a
decrease in the average drag, but increase in the fluctuating components of both, drag and lift coefficients. Finally,
FIG 1 (d) shows the time-averaged normalized viscosity contour (μ/μ0) for the n = 0.25 case. Regions of low viscosity
are concentrated around the stagnation point, the attached boundary layer and the near-wake. On the other hand,
viscosity appears to be constant in the relatively low-shear regions of the far-wake and free-stream.
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FIG 2 (a) shows the variation of time-averaged drag and RMS lift coefficients with shear-thinning index, n.
It also presents corresponding values reported by Liu et al. [27] for Newtonian flow at Reynolds number 100, with
agreement to within 3% of those obtained for n = 1.0. As the fluid becomes increasingly shear-thinning, the average
drag coefficient decreases monotonically, while the fluctuations in drag increase, leading to a general reduction in
total drag (FIG 1 (b)). The decrease in average drag is attributed almost entirely to a drop in the mean viscous forces
on the body (which reduces from 0.339 to 0.256), while the mean pressure forces do not show significant changes
(increased from 1.010 to 1.020). The increase in the fluctuating component of drag and lift coefficients is related to
smaller vortex formation lengths associated with increasingly shear-thinning fluids. FIG 2 (b) shows trends of Strouhal
number (𝑆𝑡 = 𝑓𝐷/𝑈∞ ) and vortex formation length variations with n, and a comparison with published results for St
from Roshko [28] and Williamson [29]. Defined by Williamson [29], the vortex formation length is the distance
downstream from the cylinder axis to a point where the magnitude of the velocity fluctuations is maximized on the
wake center line. In addition to increasing the fluctuating components, a shorter formation length also results in an
increase in the vortex shedding frequency, which is observed in the sweep along n; as n is decreased, the Strouhal
number increases monotonically. The Strouhal number at the Newtonian limit was observed to be 0.167, which agrees
very well with experimental results of Williamson [29] (St = 0.165) and Roshko [28] (St = 0.167).

FIG 2: Variation of (a) time-averaged drag, RMS lift and (b) Strouhal number and vortex formation length with power-law index,
n. For comparison, time-averaged drag and RMS lift coefficients from Newtonian simulations (n = 1.00) of and Liu et al. [27] and
Strouhal number measurements by Roshko [28], and Williamson [29] are provided. In (a) red symbols indicate drag coefficient
values and green symbols denote RMS lift coefficient values, while in (b) red symbols are used for Strouhal number measurements
from literature.

Next, we vary the Carreau number, Cu, keeping all other variables at their baseline values. This parameter determines
the shear-rate at which viscosity transitions from the zero-shear plateau to the power-law region; larger values of Cu
result in transition occurring at lower shear-rates and vice-versa. The tested values of Cu are 0.01, 0.10, 1.00 and 10.0.
FIG 3 (a) and (b) show contour plots of instantaneous vorticity at tU∞/D = 800 and time-averaged normalized viscosity
for Cu = 10.0, respectively. As observed in the sweep over n, shear-thinning induced by changing Cu also resulted in
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early vortex separation from the boundary layer. The normalized viscosity field (FIG 3 (b)), on the other hand, shows
a different trend, when compared with the corresponding plot for n = 0.25. Regions of low viscosity are observed to
extend beyond the cylinder boundary layer, nearly twice as far upstream and even into the far wake. A large Cu shifts
the point of transition from the zero-shear plateau, in the rheological chart for a Carreau fluid, to the left. This increases
the sensitivity of fluid viscosity to changes in local shear-rate, resulting in more regions of the flow exhibiting shearthinning behavior. Similar viscosity distribution was also observed by Lashgari et al. [23], albeit for subcritical flows.

FIG 3: Contour plots of (a) vorticity and (b) time-averaged normalized viscosity for Cu = 10.0.

As Cu is increased from 0.01 to 1.00, the time-average drag coefficient decreases (FIG 4 (a)), due to lower friction
drag on the cylinder, with relatively small changes in the surrounding pressure field. However, from Cu = 1.00 to Cu
= 10.0, the average total drag increases, even though the viscous drag continues to diminish in magnitude. This
increase is due to a significant rise in pressure forces, resulting from an increase in base suction. The RMS lift
coefficient (FIG 4 (a)), on the other hand, first exhibits about a 2% drop with increase in Cu from 0.01 to 0.10, then
increases for the remainder of the range of tested Cu. The inverse trend is observed with the formation length (FIG 4
(b)), which shows a marginal increase from Cu = 0.01 to 0.1, then a monotonic decrease up to Cu = 10.0. FIG 4 (b)
shows a monotonic increase in Strouhal number with Cu.

FIG 4: Variation of (a) time-averaged drag, RMS lift coefficients and (b) Strouhal number and vortex formation length versus Cu.

Finally, the viscosity ratio kμ is varied while keeping other parameters at their baseline values. Beginning with the
Newtonian case with kμ = 1.0, the viscosity ratio is decreased up to kμ = 0.10. Reducing kμ decreases the lower-limit
on viscosity, increasing the maximum local Reynolds number in the simulation. While it is acknowledged that kμ =
0.10 could potentially lead to local Reynolds numbers beyond the range where the cylinder wake remains two-
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dimensional, this range is chosen to demonstrate an appreciable variation in measured quantities and sampling
sufficiently many values of kμ to illustrate a trend. The resulting vortex street (FIG 5 (a)), unsurprisingly, shows smaller
vortices and earlier separation, compared to the Newtonian case. The time-averaged normalized viscosity contour
(FIG 5 (b)) shows similar concentration of low-viscosity regions as the n = 0.25 case, with a lower minimum viscosity
of about 0.24.

FIG 5: Contour plots of (a) vorticity and (b) time-averaged normalized viscosity for kμ = 0.10.

The effect of kμ on time-averaged drag and lift coefficients, Strouhal number and vortex formation length is illustrated
in FIG 6 (a) and (b). The mean drag coefficient decreases with kμ, which is explained by a reduction in friction drag
and relatively small changes in the pressure drag. The shorter formation lengths also lead to an increase in the
fluctuating component of the forces, resulting in larger RMS lift with decreasing kμ, and increase in the Strouhal
frequency (FIG 6 (b)).

FIG 6: Trends of (a) time-averaged drag, RMS lift coefficients and (b) Strouhal number and formation length with kμ.

In summary, laminar vortex-shedding from an unconfined circular cylinder in shear-thinning Carreau fluids
is simulated. The effect of varying model parameters on the cylinder wake and the force experienced by it is quantified.
While the cylinder wake for the tested Carreau parameters resembles that from a Newtonian fluid, and vortex shedding
remains periodic, the forces experienced by the cylinder show significant sensitivity to model parameters. Shearthinning results in a decrease in the shear forces on the cylinder, but an increase in the base suction which can result
in a complex, non-monotonic relation between fluid shear-thinning tendency and the time-averaged drag. On the other
hand, the shear contribution to lift on the body is marginal, due to which, the RMS lift experienced by the body
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generally increases with shear-thinning tendency. In the steady flow regime, shear-thinning results in an increase in
the recirculation bubble size [23], due to a decrease in shear-stress in the high shear regions adjacent to the recirculation
bubble. On the contrary, in the unsteady regime, the increase in base suction due to shear-thinning drives the lowpressure vortices closer to the cylinder. This leads to a shorter and narrower formation region, resulting in a smaller
attached vortex and formation length. Scaling inversely with the formation length, the Strouhal frequency of vortex
shedding increases with shear-thinning. The spatial distribution of viscosity appears to be more sensitive to changes
in the Carreau number as compared to the power-law index or the viscosity ratio. The results obtained in this study
can serve as benchmark for verification of Carreau flow solvers.
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