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The sensitivity of the eigenmodes and eigenfrequencies of the human vocal fold to its three-layer struc-

ture is studied using finite-element modeling. The study covers a variety of three-dimensional vocal

fold models ranging from an idealized, longitudinally uniform structure to a physiologically more real-

istic, longitudinally varying structure. Geometric parameters including the thickness of the ligament

and cover layers as well as the ligament length are varied systematically. The results indicate that vocal

fold vibratory modes are quite insensitive to the longitudinal variation in the thickness of the three

layers as well as the variation in ligament length. However, significant overall changes in thickness of

each layer can produce noticeable changes in these modes. The implications of these findings on com-

putational modeling of phonation are discussed. VC 2011 Acoustical Society of America.
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I. INTRODUCTION

The wide range of phonation frequencies and complex

vibratory characteristics in humans is believed to result from

the relatively complex multi-layered structure and the mate-

rial properties of vocal folds (Hirano, 1977; Alipour and

Titze, 1991). From a histological viewpoint, the structure of

the vocal folds can be separated into five different tissue

layers: the epithelium, basal lamina, superficial layer of the

lamina propria, deep layer of the lamina propria, and the thy-

roaryenoid muscle (or vocalis) (Titze, 1994). Mathematical

modeling of vocal fold vibration usually requires the model-

ing of this inner structure; however, while there is some gen-

eral understanding of the topology of this internal structure

from a few carefully performed histological studies (Hirano,

1977; Hirano et al., 1981), this internal structure likely

varies from individual to individual depending on factors

such as gender, race, age, and health. The extent of this var-

iance is not well understood and this is likely due to the fact

that current imaging techniques neither have the resolution

nor the sensitivity to resolve this internal structure.

While the uncertainty inherent in the internal topology

of the vocal folds has neither inhibited the development nor

the successful use of mathematical models for gaining

insights into the biophysics of phonation (Berry et al., 1996;

Alipour et al., 2000; Luo et al., 2008; Zhang, 2008, 2009,

2010; Zheng et al., 2009), it does pose a challenge for simu-

lation based surgery planning. Medialization laryngoplasty

(Bielamowicz and Berke, 1995) is one surgical procedure,

that is, particularly well suited for model-based surgical

planning. The procedure is commonly used to restore voice

in patients with unilateral vocal-fold paralysis/paresis and

involves the insertion of a synthetic implant into the larynx

via a window cut into the thyroid cartilage. A properly

placed implant medializes the involved vocal fold, thereby

leading to sustained vocal-fold vibrations and restoration of

the voice. However, the surgical outcome is highly depend-

ent on the shape, size and location of the implant, and the

surgeon has few tools at hand that can predict the effect of

different implant configurations on a given patient. A com-

putational biomechanics based surgical planning tool could,

therefore, significantly advance the surgical management of

vocal fold paralysis/paresis and potentially improve surgical

outcomes.

The level of fidelity required in such a surgical tool

necessitates the use of sophisticated modeling approaches

including continuum models for vocal fold mechanics (Ali-

pour et al., 2000; Rosa et al., 2003; Zhang, 2008, 2009,

2010) and Navier-Stokes based glottal flow modeling (Luo

et al., 2008; Zheng et al., 2009; Mihaescu et al., 2010;

Scherer et al., 2010). Furthermore, simulations would have

to be performed in patient-specific laryngeal models. In this

regard, while the overall geometry of the lumen and the

shape and size of the vocal folds can be obtained with rea-

sonable accuracy from high-resolution CT scans (Jun et al.,
2005; Kim et al., 2008), it is unlikely that patient-specific in-

formation regarding the layered internal structure can be

extracted from these scans. Given this limitation, the only

available option is to employ a model for the internal
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structure that can be considered prototypical for human

adults. However, if such an approach is to be used, it is im-

portant to understand and quantify the sensitivity of the vi-

bratory characteristics of the vocal folds to variations in the

layered internal structure. Such an analysis would enable us

to develop uncertainty (or “error”) bounds for the simula-

tions that are used for surgical planning in the future. This

information could also potentially be useful in understanding

the effect of aging and disease on phonation.

A variety of representations for the vocal fold inner layer

have been employed in past studies. The simplest one among

them is the single layer model which assumes the vocal fold

to be composed of one kind of homogenous material and has

been widely used in the past studies (Berry et al., 1996; Cook

et al., 2007; Zhang et al., 2007). More complex two (Hirano,

1974; Story and Titze, 1995) and three layer (Hirano, 1977)

models also have been proposed in order to capture the

vocal-fold vibration with higher fidelity. Studies have exam-

ined the effect of overall vocal fold size and shape on the vi-

bratory mode (Cook et al., 2007). However, to the best of our

knowledge, no study to date has systematically examined and

quantified the effect of the layered inner structure on the vi-

bratory characteristics of the vocal folds. Such a study would

help to create a unified foundation for understanding vibra-

tory dynamics in computational models of phonation. Finally,

such a study could also be useful in assessing the effect of

factors such as age, gender and health on phonation.

A fully coupled fluid-structure interaction study (Rosa

et al., 2003; Luo et al., 2008; Zheng et al., 2009) between the

vocal fold structure and airflow stream would enable a com-

plete analysis of this issue. However, the computational

expense of this approach coupled with the large parameter

space that has to be covered make this prohibitive. A relatively

inexpensive simple way to investigate this sensitivity is

through an eigen analysis of the vocal folds. The superposition

of eigenmodes provides a reasonable description of overall

vibration patterns of vocal fold in normal human phonation

(Moore and von Leden, 1958; Hirano, 1975; Berry et al.,
1994; Berry and Titze, 1996; Alipour et al., 2000; Berry,

2001; Zhang et al., 2007). In fact, the empirical eigenfunctions

extracted from a fully coupled fluid-structure interaction simu-

lation of vocal fold vibration also show a significant correspon-

dence to the eigenmodes (Berry et al., 1994; Berry et al.,
2001; Zhang et al., 2006). Thus, a study of vocal fold eigenm-

odes and their sensitivity to the internal structure could provide

insights that are useful in the development of simulation based

tools for phonosurgery.

II. VOCAL FOLD MODEL

A. Baseline configuration

A three-dimensional idealized vocal fold model without

longitudinal variation is employed as the baseline configura-

tion in the current study. The overall shape of the vocal fold

is based on the M5 profile of Scherer et al. (2001) and shown

in Fig. 1(a). While this model is a significantly simplified rep-

resentation of the human vocal folds, it has been widely used

in phonation research (Scherer et al., 2002; Shinwari et al.,
2003; Erath and Plesniak, 2006; Cook et al., 2008, 2009).

The vocal fold model here is assumed to have a three-

layer (cover-ligament-body) inner structure (Hirano et al.,
1981) [shown in Fig. 1(b)]. In this model, Tc and Tl are the

thicknesses of cover and ligament layers, respectively, and

for the baseline model, these are assumed to be constant

through the superior, medial and inferior sections. Further-

more, L1 and L2 denote the length of the ligament in the cor-

onal plane along inferior and superior surfaces, respectively.

The dimensions of the various layers for the nominal

(baseline) model employed in this study are listed in Table I.

The baseline model employs a longitudinally invariant inner

structure and the nominal values (denoted by subscript “0”)

of the thicknesses of the cover and ligament are based on the

measurements of Hirano et al. (1981). It should be noted that

most 3D vocal-folds model have assumed such a longitudi-

nally invariant inner structure (Alipour et al., 2000; Tao and

Jiang, 2007; Cook et al., 2009).

The histological structure of the human vocal fold varies

from individual to individual as well as with age, and varia-

tions are especially prominent in the ligament layer. For

instance, newborns usually do not have a ligament layer and

the ligament layer only develops gradually after the birth and

becomes mature at puberty (Hirano et al., 1981). A large vari-

ety of ligament layer models have been employed in the past

studies. For instance, Alipour et al. (2000) only employed the

FIG. 1. Geometric model of vocal

fold. (a) Three-dimensional vocal

fold model; (b) Coronal cross

section.
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medial segment to represent the whole ligament layer whereas

Luo et al. (2008) have used a ligament model with both

medial and inferior segments, as shown in Fig. 2(a) and 2(b),

respectively. Still other studies have employed two-layer

models [shown in Fig. 2(c)] that excluded a separate ligament

layer (Story and Titze, 1995; Cook et al., 2008, 2009; Zhang,

2009, 2010). Similarly, the cover is known to play an impor-

tant role in sustaining the so-called mucosal wave, with direct

implications for the quality and strength of the human voice.

It is also well known that pathologies such as carcinomas, pol-

yps, and nodules which change the structure of the cover are

implicated in loss of voice. Additionally, surgical procedures

that significantly modify the geometry of the cover (such as

excessive bowing/stretching of the cover due to improperly

placed thyroplasty implant) can lead to unsatisfactory surgical

outcomes. All of these issues provide strong motivation for

studying the effect of ligament size and cover thickness on

vocal fold vibration. In human vocal folds, the thicknesses of

the inner layers are known to vary along the longitudinal

direction (Hirano et al., 1981). Usually, the ligament layer is

thicker at the sites of attachment at the anterior commissure

and the vocal process of the arytenoid to withstand the mas-

sive stress of vocal fold action. The cover layer is thicker in

the middle to provide a cushion for the vocal fold collision

(Titze, 1994) and also to allow for adequate glottal opening

during phonatory vibration. Figure 3(a) shows the thickness

of each layer measured by Hirano et al. (1981). The locations

of the points where the original measurements were made are

represented by circles and we have fitted a fourth-order poly-

nomial curve in order to get a smoothly varying curve for

each layer. We note that the thicknesses of the cover and the

ligament vary in the longitudinal direction by up to 61% and

43%, respectively, about their nominal values, and these are

relatively large variations which could have a significant

impact on the vocal-fold vibration.

The three-dimensional topology of the vocal fold, where

the inner structure is based on Hirano’s measurements, is

illustrated in Fig. 3(b). In this model, the nominal thickness

of cover and ligament layers (listed in Table I) are the aver-

age value of the measurements by Hirano et al. (1981). We

denote this model as the “Hirano Model” for the purposes of

the current study.

The current study begins with a modal analysis of the

“Hirano Model.” along with two other distinct models: the

model with ligament only on the medial surface [Fig. 2(b)]

and the two-layer model [Fig. 2(c)]. The results of these

models are compared to the baseline model to assess the

effects of longitudinal variation in the sublayers as well as

large scale changes in the ligament layer on the vibratory

characteristics of the vocal fold.

B. Material properties

In general, vocal fold tissue exhibits a nonlinear stress-

strain relationship (Min et al., 1995; Chan and Titze, 1999;

Zhang et al., 2006). However, this nonlinearity becomes

obvious only during large deformation events such as postur-

ing or implant insertion. Due to the small strain and displace-

ment produced, the vocal folds can be modeled as linear

materials during phonation (Cook et al., 2008). In addition,

vocal fold tissue is considered as an incompressible material

TABLE I. Dimension of the vocal fold and various layers for the nominal

(baseline) models. Nominal values of dimensions that are varied in the cur-

rent study are denoted by subscript “0.”

Parameter Symbol Value (mm)

Vocal fold anterior-posterior length Lap 12

Vocal fold inferior-superior length Lis 12

Thickness of cover layer Tc0 0.33

Thickness of ligament layer Tl0 1.11

Length of inferior ligament segment L10 11.2

Length of superior ligament segment L20 8.5

Length of medial ligament segment LM 2.75 FIG. 2. Typical geometric models of vocal fold used in past studies. Three-

layer model from (a) Luo et al. (2008); (b) Alipour et al. (2000). The three

layers are the cover, the ligament and body (vocalis). (c) two-layer (body-

cover) model from Cook et al. (2008, 2009).

FIG. 3. Vocal fold geometric model

with longitudinal variation in layer

thickness, i.e., the “Hirano Model.”

(a) Longitudinal variation of the

thicknesses of the cover and liga-

ment layers based on the measure-

ments of Hirano et al. (1981) which

are represented by �; (b) the three-

dimensional “Hirano Model” model

based on thickness variations shown

in (a).
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because it consists mostly of water (Berry and Titze, 1996).

In the current study, all three layers of vocal fold tissue were

modeled as linear elastic, transverse isotropic and nearly

incompressible material. The assumption of “nearly incom-

pressible” was used to avoid a singularity in the compliance

matrix (Cook et al., 2008).

The material properties assumed for the three layers of

the vocal-fold are also listed in Table II. Note that the longitu-

dinal Young’s modulus for all of three layers is 104 times the

transverse Young’s modulus to satisfy the in-plane motion

assumption (Cook et al., 2008). It should also be noted that

there is considerable uncertainty about these material proper-

ties and this also has implications for simulation based phono-

surgery planning tools. However, there are substantial efforts

ongoing to better characterize the material properties (Chan

and Titze, 1999, 2000; Chan, 2001, 2004; Min, 1996; Philips

et al., 2009) and the sensitivity of the vocal fold vibration to

these properties has been studied in detail by Cook et al.
(2009). Given this, we have not explored this aspect further in

the current study but have instead, assumed properties that are

relatively well supported by past studies.

C. Computational method

The equations governing the vocal-fold vibration are the

Navier equations (Fung, 1965) which are given by

r � rþ qf ¼ q
d2u

dt
;

where r is the stress tensor, f is the body force vector, q is

the density, and u is the displacement vector. Fixed (zero

displacement) boundary conditions are imposed on the lat-

eral, anterior and posterior surfaces, while traction-free

boundary conditions are imposed on the medial, superior,

and inferior surfaces. A Galerkin finite-element method is

employed for discretizing the above equations and the dis-

cretized equations are reformulated into the following eigen-

value problem (Everstine, 2008):

K � u0 ¼ x2M � u0;

where M and K are the mass and stiffness matrices respec-

tively, u0 is the displacement eigenmode and x is the natural

frequency. Since vocal fold contact and other interactions

between the two vocal folds cannot be included in the eige-

nanalysis, we only discretize and study a single vocal fold.

In the current study, a high-density tetrahedral grid with

about 23 thousand elements is used to discretize the vocal

fold. This high grid density is required in order to adequately

resolve the subtle effect of the geometry of the various

layers. As shown in Fig. 4, elements are clustered in and

around the cover and ligament layers to provide higher reso-

lution for accurately capturing these effects. The eigenvalue

problem is solved using Gram-Schmidt orthogonalization

(Everstine, 2008), and we have performed a grid-dependency

to ensure that the first six computed eigenmodes are inde-

pendent of the grid. Further details about the finite-element

formulation can be found in Zheng (2009). Fully converged

solutions for the eigenmodes require up to 10 h of computa-

tional time per configuration on a high-end workstation.

III. MODEL STUDIES

Eigenanalysis is first performed on the baseline and Hir-

ano models to investigate the effect of inner structure anterior-

posterior variation on the vibratory characteristics of the vocal

folds. Two other distinct models, the “two-layer model” in

which ligament layer is assumed to be absent (Story and Titze,

1995; Cook et al., 2008, 2009), and the “medial ligament mod-

el” where the ligament is limited to a small region near the

median (Alipour et al., 2000; Tao and Jiang, 2007), are also

included in our initial comparative analysis.

Subsequent to this initial set of cases, two sets of models

are analyzed to study the effect of the ligament layer config-

uration and thickness of cover and ligament layers. As in the

rest of the study, the material properties and overall vocal

fold dimensions are kept the same for all the models. The

layered model of the vocal fold is defined by four geometric

parameters: L1, L2, Tc and Tl as shown in Fig. 1(b). By chang-

ing the value of each of these parameters in a range about

the baseline value, twenty-eight separate vocal fold configu-

rations were created. In most cases only one parameter was

varied at a time with the other parameters held fixed at their

nominal values. For one set of models we vary L1 and L2

simultaneously and for these, choosing L1 ¼ L2 ¼ 0 leads to

what we refer to as the “medial ligament model.” It should

be noted that changes in the dimensions of the cover and lig-

ament layers are accommodated by concomitant changes in

the muscle in order to ensure that the overall size of the

TABLE II. Material properties assumed for the three layers in the current

study. All values (except for the Poisson’s ratio) are in kilo-Pascals (kPa).

Property

Value

Cover Ligament Muscle

Transverse Young’s modulus 2.0 3.3 4.0

Longitudinal shear modulus 10 40 12

Longitudinal Young’s modulus 20140 33060 39900

Transverse Poisson’s ratio 0.9 0.9 0.9

FIG. 4. Volume mesh employed in eigenanalysis.
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vocal fold is held invariant. The parameter ranges as well as

schematics of layered structure of vocal fold for these 28

cases are summarized in Table III.

IV. RESULT AND DISCUSSION

A. Modal analysis for four distinct models

Four distinct models, which are the baseline model, the

Hirano model, the medial ligament (L1¼ 0 and L2¼ 0) and

the two-layer model (Tl¼ 0), were selected first to investi-

gate the effect of large-scale structural variations on the

vocal fold vibration. It should be noted that while FEM

based models such as the one employed here produce a large

number of eigenmodes, past studies (Titze, 1988; Berry

et al., 1994; Berry and Titze, 1996) have shown that vocal

fold vibration during phonation is sufficiently well described

by a combination of the first few eigenmodes. Thus, in com-

paring the vocal fold vibratory characteristics for the various

models, we focus on the first four eigenmodes.

The four lowest eigenfrequencies and corresponding

eigenmodes computed for these four models are shown in

Table IV. Corresponding two dimensional mid-coronal

views at two extreme phases are also shown in Table IV. In

general, it is noted that the baseline, Hirano and medial liga-

ment models, which vary significantly in their inner struc-

ture, exhibit modal shapes that are qualitatively similar. The

first eigenmode (Mode-1) corresponds to a strong vertical

motion occurring primarily on the superior and inferior

surfaces. The second mode (Mode-2) presents a lateral

motion with a slight phase difference between the inferior

and superior surfaces. The third mode (Mode-3) is a vertical

motion of the whole vocal fold. Finally, in Mode-4, the ma-

jority of motion only occurs at the tip region of the superior

surface and it contributes to the formation of the distinct

convergent-divergent glottal shape. It should be noted that

although some degree of glottal convergence-divergence can

be observed in all of the four modes, it is most prominent in

Mode-4.

The two-layer model however exhibits large dissimilar-

ities to the other three models in terms of the eigenmodes.

However, a comparison of the eigenmodes of the two-layer

model with all the four eigenmodes of other three models

indicates that many of these differences are associated with a

change in the modal-order. For instance, Mode-1 of the two

layer model presents a vertical motion of the whole vocal

fold which is similar to Mode-3 of the other three models.

The only difference in the modal shape is that that the two-

layer model has a more smooth deformation on the superior

and inferior surfaces. Mode-2 of the two-layer model shows

similarities to both Mode-1 and Mode-4 of other three mod-

els with a clear vertical motion on the superior and inferior

surfaces as well as a noticeable deformation around the supe-

rior tip region. Similarly, Mode-3 of the two-layer model is

observed to be mostly similar to Mode-2 of the other models;

the mode has a lateral motion of the vocal fold and slight

phase difference between the superior and inferior surfaces.

The modal shape of Mode-4 of the two-layer model remains

highly similar to the corresponding mode of other models.

TABLE III. Parameter ranges and schematics of inner structure of the vocal fold models employed in the current study.

Model

Parameter(s)

varied

Parameter range

(nominal value (mm))

Schematic of

resultant vocal fold

Baseline model None N/A

Hirano Model Longitudinally varying

ligament and cover

thickness

N/A

Length of ligament

layer along superior

and inferior surfaces

L1 0–100%

(11.2)

L2 0–100%

(8.5)

L1 and L2 0–100%

(varied simultaneously) (11.2 & 8.5)

Cover and ligament thickness Tc 50%–300%

(0.33)

Tl 0–200%

(1.11)

J. Acoust. Soc. Am., Vol. 130, No. 2, August 2011 Xue et al.: Sensitivity of vocal fold eigenmodes 969

Downloaded 16 Aug 2011 to 128.220.159.1. Redistribution subject to ASA license or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



One interesting finding from this close examination is that

more superior-inferior phase difference appears in the lower

order modes in the two-layer model. This has implication for

vocal fold modeling in that it suggests that reducing/remov-

ing the ligament layer can potentially enhance the formation

of a convergent-divergent glottal shape.

In order to more precisely quantify the similarity of the

modal shapes for the various models, we compute dot-prod-

ucts between the eigenvectors for the different models. This

is done as follows: the jth eigenmode is written into a single

vector ~qj ¼ uj1; vj1;wj1;…; ujN; vjN;wjN

� �
; where ujm, vjm,

and wjm represent the displacements of the mth grid point

in the x, y, and z directions, respectively, for the jth eigen-

mode. This vector is normalized with its own magnitude

leading to a normalized vector: ~Qj ¼ ~qj= ~qj

�� ��; where ~qj

�� ��
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 u2

ji þ v2
ji þ w2

ji

q
and N is the total number of grid

points. The dot-product of any two normalized eigenmodes

(denoted by p) is indicative of the similarity between the two

modes with a dot-product value of one corresponding to an

exact match, and zero indicating complete orthogonality.

TABLE IV. Four lowest eigenmodes and corresponding eigenfrequencies for four models. The solid and dash lines

represent two phases in the eigenmodes at the longitudinal midplane.

Baseline model Hirano Model Medial Ligament Model Two-Layer Model

Mode 1

184Hz 187Hz 151Hz 144Hz

Mode 2

193 Hz 196Hz 165Hz 152Hz

Mode 3

201 Hz 205Hz 170Hz 156Hz

Mode 4

213 Hz 218Hz 181Hz 175Hz
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In the rest of the paper, the four eigenmodes of the base-

line model are referred to as baseline modes. Figure 5(a) dis-

plays the dot-products between Mode-1 of the three variant

models (Hirano model, medial ligament model, and two-

layer model) and the four baseline modes. The numbers

from 1 to 4 on the abscissa refer to the corresponding base-

line modes. Figures 5(b), 5(c), and 5(d) show the corre-

sponding plots for Modes-2, 3, and 4, respectively. It should

be noted that while eigenmodes for a given model are or-

thogonal to each other, modes for different models do not

have to be orthogonal. Thus, dot-products between modes of

different models can range anywhere from 0 to 1 and further-

more, a given mode might have significant similarity with

more than one baseline mode. In the current study, we

choose a criterion that two modes are similar if the dot-prod-

uct between them is greater than 0.5. While the choice of the

cut-off value is ad hoc, it is reasonably in-line with the

notion of similarity. The dot-products of the first four

eigenmodes of the various models to the four baseline modes

are presented in Table V.

This analysis shows that the Hirano model has vibratory

modes that are nearly identical to the corresponding baseline

modes; the modal order is preserved and the dot-products

between the corresponding modes are found to vary from

0.986 to 0.996. In addition, the lowest four eigenfrequencies

(shown in Table IV) are within 5 Hz of the ones for the base-

line model which represents at most a 2.3% variation over

the baseline values. Therefore, vocal fold models with longi-

tudinal variation in the thicknesses of cover and ligament

layers that nominally matches Hirano’s measurement, pro-

duce vibratory modes that are virtually identical to a longitu-

dinally invariant model with thicknesses corresponding to

the longitudinally averaged values. The current study there-

fore shows that from a dynamical point-of-view, including a

longitudinal variation in the thicknesses of the various vocal

fold layers is not essential. In the rest of the paper, we there-

fore focus only on longitudinally invariant models.

Analysis also shows that the medial ligament model has

the same modal order as the baseline model. Regarding the

modal shape, the first three eigenmodes are highly similar to

the corresponding baseline modes with dot-products ranging

from 0.85 to 0.9. The reduced similarity of Mode-4 with the

corresponding baseline mode is confirmed by a dot-product

of only 0.622. A significant reduction (around 30 Hz) in the

eigenfrequencies is also found for the medial ligament

model.

Our earlier observations about the shape change of

eigenmodes of the two-layer model can be explained quanti-

tatively by Table V. Generally, the first four eigenmodes of

the two-layer model are still similar in shape with the base-

line model with dot-product varying from 0.602 to 0.882.

However, the modal order of modes in this new model is

FIG. 5. Dot-product between eigenm-

odes of the three models and each

baseline mode. Each plot corresponds

to one particular eigenmode of the

given model and the numbers 1–4 on

the abscissa correspond to the four

baseline modes.

TABLE V. Similarity of the first four modes of the various models to the four baseline modes. Each cell in the table

shows which baseline mode(s) is (are) similar to each mode for a given model.

Model; Mode! Mode 1 (P) Mode 2 (P) Mode 3 (P) Mode 4 (P)

Hirano 1 (0.996) 2 (0.996) 3 (0.986) 4 (0.990)

Medial Ligament 1 (0.890) 2 (0.859) 3 (0.903) 4 (0.622)

Two-Layer 3 (0.882) 1 (0.707) 2 (0.828) 4 (0.602)

4 (0.536) 4 (0.607)
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quite different. Mode-1 of the two-layer model is found to

be highly similar to baseline Mode-3 and Mode-4 with dot-

products of 0.882 and 0.536, respectively. Mode-2 is highly

similar to baseline Mode-1 and Mode-4 with dot-products of

0.707 and 0.607, respectively. Mode-3 is found to be most

similar to baseline Mode-2 with a dot-product of 0.828

whereas Mode-4 is most similar to the corresponding base-

line mode with a dot-product of 0.602. Interestingly, Modes-

1, 2, and 4 show nearly the same level of similarity with

baseline Mode-4. Thus with respect to the modal shapes, the

primary effect of ligament removal is a rearrangement and

redistribution of shapes within the four modes. It should also

be noted that the overall modal frequency drops by about 40

Hz for the modes of the two-layer models as compared to

the baseline model.

B. Effect of ligament length

The previous section indicates that a significant reduc-

tion in the length of the ligament layer has a noticeable effect

on the eigenfrequencies and this motivates a closer examina-

tion of the effect of ligament length on the vocal fold vibra-

tory modes. In the current study this is accomplished by

varying L1 (length of inferior ligament segment) and L2

(length of superior ligament segment) individually as well as

simultaneously. When one length parameter is varied, the

other one is kept at its maximum (baseline) value whereas

when both are varied simultaneously, they are varied by the

same relative value. The values of L1 or L2 in the various

cases, range from 0% to 100% of their maximum (baseline)

values. If we define the total length of the ligament for any

given case as LT ¼ L1 þ L2 þ LM and the total length of the

baseline case as LT0 ¼ L10 þ L20 þ LM, the values of LT=LT0

then vary from 50% to 100% for case where L1 is varied,

from 62% to 100%when L2 is varied, and from 12% to 100%

when L1 and L2 are varied simultaneously.

As found for the medial-ligament model, even signifi-

cant reductions in ligament length do not change the modal

structure and order of the four lowest eigenmodes and each

of the four modes continues to match best the corresponding

baseline modes. Given this, we can examine the variation of

frequency of each mode with ligament length. Figure 6.

shows the eigenfrequencies for the first and fourth modes

plotted versus against LT=LT0 for the three different cases.

The figure shows that the eigenfrequencies of Mode-1 and

Mode-4 (Mode-2 and 3 excluded since they show similar

behavior) decrease monotonically with a reduction in liga-

ment length in all three models and they share a similar pat-

tern of decrease; they are relatively insensitive to an initial

reduction, but then reduce more rapidly with further reduc-

tions in ligament length. The range of relative insensitivity

extends up to 25% reduction for the model for which only

L1 is reduced, as well as for the model where both L1 and L2

are reduced simultaneously. For the model where only L2 is

reduced, this range extends only up to 10% reduction. It is

also noted that the model with variation in only L2 show the

highest rate of decrease in this latter range.

The sensitivity of the eigenfrequencies to ligament

length is further quantified by computing the overall relative

change in eigenfrequency over the overall relative change in

total ligament length, i.e., Df=f0ð Þ= DLT=LT0ð Þ. Within the

context of control theory such a parameter is also called a

control coefficient (Kacser and Burns, 1995; Heinrich and

Rapoport, 1974). These values are summarized in Table VI.

The highest value for this quantity is found to be 0.28 which

indicates that a 1% change in ligament length leads to at

most a 0.28% change in eigenfrequency. This relative insen-

sitivity of the frequency bodes well for computational mod-

eling of phonation since it implies that uncertainties in the

ligament length are expected to translate to lower magni-

tudes of uncertainties in the predicted eigenfrequencies.

C. Effect of ligament and cover layer thickness

Another structural feature of the vocal fold which poten-

tially plays an important role in the vocal fold vibration but

cannot be reliably extracted from CT and other modalities is

the thickness of the cover and ligament layers. In order to

explore the sensitivity of the VF vibration to this feature, we

have systematically examined the dependence of eigenfre-

quencies on the thicknesses of the ligament and cover layers.

As shown in Table III, the thicknesses of the cover and liga-

ment layers were varied in a range of 50%–300% and 0–

200%, respectively, of the baseline values. When one of

them is changed, the other one is kept constant at the base-

line value and the muscle thickness adjusted to maintain a

constant total volume.

The effect of changes in the thickness of cover and liga-

ment layers on the modal shape is analyzed first by comput-

ing dot-products with baseline modes and this data is

presented in Table VII. It is found that for a cover layer

FIG. 6. Eigenfrequencies for the first and fourth modes plotted versus

LT=LT0 for the three different cases. (solid line) Only L1 is reduced; (dashed

line) only L1 is reduced; (dot dashed line) both L1 and L2 are reduced

simultaneously.

TABLE VI. Relative change in eigenfrequency normalized by relative

change in total ligament length Df=f0ð Þ= DLT=LT0ð Þ.

Parameter Varied Mode-1 Mode-2 Mode-3 Mode-4

L1 0.22 0.22 0.20 0.14

L2 0.26 0.28 0.26 0.15

L1 & L2 0.21 0.16 0.18 0.17

972 J. Acoust. Soc. Am., Vol. 130, No. 2, August 2011 Xue et al.: Sensitivity of vocal fold eigenmodes

Downloaded 16 Aug 2011 to 128.220.159.1. Redistribution subject to ASA license or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



thickness which is up to 50% below the nominal value, the

modal shape of each eigenmode is approximately identical

to the baseline model. However, when the thickness is

increased to 1.5 times of the nominal value, Mode-2 shows

significant similarity with the fourth and third baseline

modes; after the thickness reaches two times of the nominal

value, the fourth baseline mode becomes the first eigenmo-

des of these models and the dot product remains at a constant

value of around 0.85. It should also be noted that for high

values of cover thickness, there are some modes (such as

Mode-4 for TC=TC0 5 2.5 and Modes-2 and 4 for

TC=TC0 5 3.0) which do not show significant similarity to

any of the four baseline modes. For these cases, one possibil-

ity is that these modes are similar to some higher (> 4) base-

line mode(s); the other possibility is that they are not similar

to any particular baseline mode.

Table VIII shows the behavior of the models for different

ligament thicknesses. For ligament thicknesses Tl=Tl0 varying

between 0.2 and 1.5 the modal order remains relatively

unchanged from that of the baseline model. This indicates that

for a relatively large range of ligament thicknesses, the vibra-

tory modes remain qualitatively the same. For the two-layer

model for which the ligament thickness is zero, the first, sec-

ond, and fourth eigenmodes present high similarity with base-

line Mode-4. Given that baseline Mode-4 corresponds to a

converging-diverging glottal shape, the current results suggest

that a thinner ligament facilitates the appearance of a converg-

ing/diverging mode. It should be noted that thickening cover

layer and thinning the ligament layer leads to an overall

decrease in the peripheral stiffness of the vocal fold since the

ligament is stiffer than the cover. However, as shown in the

previous section, reduction in ligament length, which would

also decrease peripheral stiffness, does not have a similar

effect. Thus the change in modal order and the appearance of

the converging-diverging mode seems to specifically linked to

the change in the thickness of the ligament layer.

Figure 7 shows the relationships between the lowest

four eigenfrequencies and the ligament and cover layer

thicknesses. The observed behavior can be explained by not-

ing that the transverse Young’s modulus and longitudinal

shear modulus are the key determinants of overall material

stiffness for the linearly elastic transversely isotropic mate-

rial with constrained longitudinal motion (Cook et al.,
2008). The longitudinal shear modulus of each layer

employed in the current study is much higher than the trans-

verse Young’s modulus (Alipour et al., 2000). Furthermore,

among the three layers, the ligament is assumed to have the

highest longitudinal shear modulus; almost four times the

value of the other two layers. Thus, the ligament layer

presents the highest overall stiffness compared to the cover

and muscle layers. Consequently, as the ligament layer is

thickened and the muscle thickness decreased correspond-

ingly, the overall stiffness of the vocal-fold increases thereby

leading to an increase in the eigenfrequencies. It should be

noted that the model topology reduces to that of a typical

two-layer model as Tl=Tl0 ¼ 0 and the lowest four eigenfre-

quencies reduce by about 25% compared to the three-layer

model with Tl=Tl0 ¼ 1.

TABLE VII. Similarity of the first four modes to four baseline modes in models with different cover layer thickness.

Each cell in the table shows which baseline mode(s) is(are) most similar to each mode for a given model.

TC/TC0; Mode! Mode 1 (P) Mode 2 (P) Mode 3 (P) Mode 4 (P)

0.5 1 (0.996) 2 (0.996) 3 (0.949) 4 (0.717)

1.0 1 (1.000) 2 (1.000) 3 (1.000) 4 (1.000)

1.5 1 (0.989) 4 (0.799) 2 (0.984) 4 (0.668)

3 (0.765)

2.0 4 (0.855) 1 (0.965) 2 (0.885) 3 (0.537)

3 (0.671)

2.5 4 (0.858) 1 (0.709) 2 (0.749) ?

3 (0.671)

3.0 4 (0.850) ? 1 (0.721) ?

3 (0.687) 2 (0.593)

TABLE VIII. Similarity of the first four modes to four baseline modes in models with ligament layer thickness varia-

tion. Each cell in the table shows which baseline mode(s) is(are) most similar to each mode for a given model.

Tl /Tl0; Mode! Mode 1 (P) Mode 2 (P) Mode 3 (P) Mode 4 (P)

0.0 3 (0.852) 1 (0.707) 2 (0.828) 4 (0.602)

4 (0.536) 4 (0.607)

0.2 1 (0.785) 2 (0.695) 3 (0.767) 4 (0.786)

3 (0.624)

0.4 1 (0.920) 2 (0.900) 3 (0.932) 4 (0.870)

1.0 1 (1.000) 2 (1.000) 3 (1.000) 4 (1.000)

1.5 1 (0.982) 2 (0.965) 3 (0.834) 4 (0.843)

4 (0.725)

2.0 1 (0.885) 4 (0.849) 2 (0.947) 3 (0.584)

3 (0.665)
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Similar to the previous section, the normalized change

of eigenfrequencies per normalized change in layer thickness

is computed to quantify the sensitivity to these features and

the results are shown in Table IX. We find that Mode-2 and

Mode-3 are equally sensitive to the thickness change in

either cover or ligament layer. Mode-1 and Mode-4 appear

to be more sensitive than Mode-2 and Mode-3 to the thick-

ness change in cover layer, while for changes in the ligament

layer, higher eigenfrequencies are always less sensitive than

the lower ones. The highest sensitivity is 0.18 which implies

a 0.18% change in frequency for a 1% change of thickness.

This indicates a high level of insensitivity of the eigenfre-

quencies to the thicknesses of the cover and ligament.

V. SUMMARY AND CONCLUSIONS

A parametric eigen-analysis has been carried out to

investigate the effect of the inner multilayer structure of the

vocal folds on the vibratory dynamics. The baseline vocal

fold model chosen is a three-layer model with cover, liga-

ment, and muscle and the model is discretized using a high-

resolution finite-element method. A wide range of features,

which include the longitudinal variation in layer thickness,

ligament length, and cover and ligament thickness, are var-

ied and the first four eigenmodes and eigenfrequencies are

compared to the baseline model. Several key observations

and conclusions can be drawn from the results:

(1) The vibratory modes are quite insensitive to thickness

variation of the layers along the longitudinal direction—

the type that is considered typical for human adults

(Hirano et al., 1981). Therefore, assuming a longitudi-

nally invariant layer structure in computational solid

dynamics models of vocal folds should be acceptable.

(2) Significant reduction in ligament length, even all the

way down to the medial ligament model where the liga-

ment is limited to a small section near the superior tip of

the vocal fold, does not qualitatively change the eigenm-

odes or the modal order. The eigenfrequency, however,

decreases monotonically with decreasing ligament

length. The rate of decrease is not large in that a 10%

uncertainty in eigenfrequency (which would be consid-

ered acceptable in a computational model) would require

at least a 35% uncertainty in ligament length.

(3) While significant (up to 50%) decrease in the cover

thickness has no qualitative effect on the eigenmodes,

increase in cover thickness tends to change the modal

order with the lower modes showing a greater resem-

blance to the higher baseline modes and vice-versa.

Given that the baseline Mode-4 has a strong converging-

diverging (mucosal-wave type) behavior, this leads to

the conclusion that increase in cover thickness enhances

the tendency for mucosal wave formation.

(4) Up to a 50% decrease in ligament thickness does not

result in significant changes in the modal structure order.

Further decrease tends to modify the modal order with

the zero-thickness case (two-layer model) exhibiting the

mucosal-wave mode as the first mode. This observation

is consistent with the behavior seen for increasing cover

thickness.

(5) Significant (> 50%) increase in ligament thickness leads

to a different behavior. While Mode-1 retains its position

in the modal order, baseline Mode-4 moves up in the

modal order to become the second mode for these mod-

els. Thus, a thick ligament would also increase the tend-

ency of the vocal folds to show a converging-diverging

behavior. Thus, the effect of the ligament thickness is

non-monotonic in that both very thick as well as very

thin ligaments promote the appearance of converging-

diverging type of vibratory behavior.

(6) The overall sensitivity of eigenfrequencies to the cover

and ligament thicknesses is quite small with a 10%

uncertainty in eigenfrequency requiring at least a 55%

uncertainty in the layer thicknesses.

In summary, the overall conclusion regarding the feasi-

bility of accurate computational modeling of phonation in

FIG. 7. Variation of the first four

eigenfrequencies for models with

thickness change in (a) cover layer

and (b) ligament layer.

TABLE IX. Changing rate of eigenfrequencies over the relative change of

thicknesses in both cover and ligament layers normalized by eigenfrequen-

cies of baseline case (%/%).

Parameter Varied Mode-1 Mode-2 Mode-3 Mode-4

Tc �0.06 �0.04 �0.05 �0.06

Tl 0.18 0.16 0.16 0.14
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the face of relatively high levels of uncertainty regarding the

inner structure is generally positive. Longitudinal variations

in layer thickness can be ignored and even large relative

changes in ligament length and ligament and cover thickness

produce few qualitative differences. However, some reasona-

ble measures of these parameters are required in order to ena-

ble realistic modeling of the vocal fold dynamics.

Furthermore, the current study also shows that radically dif-

ferent models (such as the two-layer model) could possibly

exhibit quite different dynamics, and therefore, care needs to

be taken in interpreting the results from any particular model.

Finally, it is useful to point out the caveats and limita-

tions of the current study. First, all the models in the current

study assume the same overall vocal fold shape (based on the

M5 model of Scherer et al., 2001) as well as material proper-

ties for the body, ligament, and cover layers. As shown by

Cook et al. (2007, 2009), these features/properties also have

a significant effect on the modal structure of the eigenmodes.

Thus, the conclusions reached in the current study might be

further confounded by changes in these other features. It

should be noted that several ongoing studies are attempting

to accurately measure the material properties of vocal folds

(Chan, 2004; Titze et al., 2004; Klemuk and Titze, 2004;

Chan and Titze, 2006; Goodyer et al., 2006, 2007a, 2007b,

2009; Chan and Rodriguez, 2008), and this should reduce the

uncertainty associated with this aspect in the future.

The second limitation is associated with the use of

eigenmodes as a proxy for assessing the vibratory dynamics.

While linear eigenmodes do provide useful information

about the vibratory dynamics, it is well known that other

effects, such as mode entrainment, are manifested in the

presence of non-linear effects associated with flow coupling

and vocal fold contact. These effects can only be included

by performing full fluid-structure interaction simulations for

all these models.

The computational expense of such a study, however,

make it infeasible at the present time. Thus, care needs to be

taken in extrapolating the conclusions of the current study to

fully coupled fluid-structure interaction models of phonation.
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