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ABSTRACT 
Numerical simulations have been used to study the fluid 

dynamics associated with flapping flight modes of single as 
well as paired wings. The numerical solver employed is based 
on a sharp-interface, Cartesian grid method that allows us to 
simulate flow with moving boundaries on stationary Cartesian 
grids. Here, the simple case of normal hover is examined and 
the thrust production and vortex dynamics of a single wing 
undergoing a combined pitch-and-heave maneuver is analyzed. 
Following this, the fluid flow associated with a paired wing is 
examined with particular emphasis on the effect of phase lag 
between the two wings on thrust production and efficiency.  

 
1. INTRODUCTION 

Current interest in micro-aerial vehicles (MAVs) has been 
one of the main motivating factors in the recent surge of 
research activity in the area of insect and bird flight (Ellington 
1999). The flow physics of flight at small scales is 
fundamentally different from conventional wing aerodynamics 
and much of our existing knowledge base regarding the 
aerodynamic design of aircrafts is of limited use in the design 
of MAVs. Since insects and birds have perfected, through 
millions of years of evolution, the apparatus and technique for 
achieving flight at these small scales, it seems clear that much 
could be learned regarding the aerodynamic design of MAVs 
by analyzing insect and bird flight. 

The two key features that distinguish insect and bird flight 
from conventional airplane flight are the significantly lower 
Reynolds numbers and the ubiquity of unsteady aerodynamic 
mechanisms. From the point of view of computational 
modeling, the former is a blessing since low Reynolds numbers 
translate to low spatial and temporal resolution requirements. 

The latter feature on the other hand, brings with it significant 
complications since it mandates the inclusion of complex 
moving boundaries in the computation. Consider for example, 
the flight of a typical dragonfly shown in Figure 1. The 
frequency of wing flapping is about 30Hz, the wing chord and 
total span are about 1cm and 10 cm respectively and the 
amplitude at mid-span is about 3cm. The Reynolds number 
based on the wing chord and the maximum wing velocity is 
therefore about 8000. The dragonfly however has two pairs of 
wings that do not beat in unison. In fact, in typical flight, the 
hindwings lead the forewings by phase angles between 50o to 
100o (Somps & Luttges 1985). It is thought that the phase lag 
between the two wing pairs is chosen so as to gain some 
aerodynamic advantage and if the underlying flow physics of 
such a paired wing could be understood, then it could 
potentially be utilized in the design of MAVs. However, 
computational modeling of such a paired wing is a non-trivial 
proposition since the computation would have to include 
multiple, complex shaped, moving boundaries. 

In the computational modeling of such flows, Cartesian 
grid methods, where the flow is simulated on a non-conformal 
Cartesian mesh has significant advantages over conventional 
body-conformal (structure or unstructured) grid methods. In 
Cartesian grid methods, since the grid does not conform to the 
body, grid generation and complexity is significantly reduced. 
This is especially advantageous for simulating flow with 
moving boundaries since it eliminates complex mesh 
evolution/motion strategies that typically have to be employed 
in conventional body-conformal Lagrangian methods.  

In the current paper, we describe the use of a recently 
developed Cartesian grid method for the simulation and 
analysis of some simple mechanisms associated with the flight 
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of insects and/or birds. The salient features of the numerical 
method are described first. This is followed by a discussion of 
the simulation of two configurations, the first being the 
combined pitch-and-heave maneuver of a single wing in hover 
and second, the flow produced by a paired wing.  
 

2. FLOW CONFIGURATION AND SIMULATION 
APPROACH 

Flow Configuration. Combined pitch and heave (or pitch and 
plunge) is a primary wing motion through which insects and 
birds achieve the thrust and lift required for flight. Figure 2 
shows this motion for an elliptic airfoil in a freestream (with 
speed ) and the motion of the moving airfoil may be 
specified as: 
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where (xo,yo) is the location of the center of the ellipse and  
is the pitch-angle measured from the normal to the stroke plane 
which is itself inclined at an angle with the horizontal. The 
flow produced by such a flapping foil is governed by the 
following set of non-dimensional parameters: A/c, 

α

β

aα , φ, , β

AU ω/∞  and νω /cA , where the last parameter represents a 
Reynolds number (Re) based on the maximum heave velocity 
and the airfoil chord. By choosing 0/ ===∞ βφωAU , the 
so-called "normal hovering mode" is obtained. In this mode, the 
foil moves in a horizontal plane and is oriented vertically at the 
two ends of the stroke. At the center of the stroke, the foil has 
an angle of inclination from the vertical equal to aα as it moves 
to the right, and  aα−  as it moves  to the left. In this mode, the 
foil is expected to produce a positive mean vertical (thrust) 
force and a zero mean horizontal (side) force. This type of 
hovering mode has been studied previously by Freymuth 
(1990) and also by Gustafson and Leben (1991) and Wang 
(2000). However, despite these previous studies, much remains 
to be explored and understood regarding the flow physics of 
this simple flapping mode. In the current study of the single 
wing, a one-eighth thickness ratio elliptic airfoil is employed 
and parameters A/c and Re are fixed at 1 and 125 respectively.  

Simulation Approach. A previously developed Cartesian 
grid solver is employed in these simulations and details of the 
solution procedure can be found in Udaykumar et al. (1999) Ye 
et al. (1999) and Udaykumar et al. (2001). This solver allows 
simulation of unsteady viscous incompressible flows with 
complex immersed moving boundaries on Cartesian grids. 
Thus, the grid does not need to conform to the complex moving 
boundaries and this simplifies the gridding of the flow domain. 
The solver employs a second-order accurate central difference 
scheme for the spatial discretization and a mixed explicit-
implicit fractional step scheme for time advancement. An 
efficient multigrid algorithm is used for solving the pressure 
Poisson equation.  

The key advantage of this solver for the current flow is that 
the entire geometry of the moving single as well as paired wing 
is modeled on the stationary Cartesian mesh. As the wing(s) 
moves over the underlying Cartesian mesh, only the 
discretization in the cells cut by the solid boundary is modified 
to account for the presence of the solid boundary.   

All results presented here have been obtained on a 
522x452 mesh on a 40cx40c computational domain. 
Furthermore, the time-step used in the simulations is such that 
it requires 6250 time-steps to complete one cycle, thereby 
ensuring high temporal accuracy. "Soft" homogeneous 
Neumann velocity boundary conditions are used at all outer 
boundaries and this allows the flow to enter or exit the domain 
in a natural manner. For pressure, we impose a fixed value at 
the upper, right and left boundaries. On the lower boundary, 
where we expect the hover jet to exit, a homogeneous Neumann 
pressure boundary condition is applied which, together with the 
soft velocity boundary condition, allows vortex structures to 
exit the domain with minimal reflection and distortions. 
 

                            3. SIMULATION RESULTS 
In this section, we summarize the salient results obtained 

for both the single and paired wing simulations. 
Single Wing 

Figure 3(i) shows a sequence of spanwise vorticity contour 
plot for the  simulation and for this case we find that 
the motion of the foil produces a reverse Karman vortex street. 
The plots indicate that the process of formation of this type of 
wake topology is similar to that described by Freymuth (1990). 
At roughly the middle of the stroke (

οα 45=a

)0=ox , a strong stall 
vortex forms on the lee side of the foil. As the foil continues its 
motion, approaching its maximum excursion and starts to pitch 
rapidly, the stall vortex moves down the length of the foil and 
amalgamates with the trailing edge vortex. This combined 
vortex grows as the airfoil moves to the other end and also 
convects slightly downwards due to the the action of the hover 
jet created by the airfoil motion. As the foil reaches the other 
end, the tail of the vortex, which was till that time attached to 
the trailing edge, gets severed by the stall vortex of opposite 
sign. With continuing motion of the foil, the severed vortex 
gets convected further down by the action of the hover jet and 
this process now repeats for the opposite sign vortex. It is 
further found that the vortices have a well organized staggered 
arrangement near the foil but tend to become disorganized 
further down the hover jet. 

Figure 3(ii) show a sequence of vorticity contour plots for 
 where the phase for these plots is the same as for the 

previous case . The plots indicate a markedly different behavior 
in the evolution of the vortex structures. A street of vortices is 
observed to form, however, this street is not as well organized 
as that for  and furthermore, there is clear asymmetry 
in the flow about x=0. In particular, it is found that counter-
rotating vortices pair up and drift towards the right of the 
centerline. On closer examination it is found that, the difference 

οα 60=a

οα 45=a
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is due to the formation of a small but distinct trailing edge 
vortex. This vortex affects the evolution of the subsequent 
vortex and prevents the vortices from aligning in an ordered 
vortex street. The formation of this small trailing edge vortex 
itself is due to the higher rate of rotation at the two ends of the 
stroke which are required in order to pitch the airfoil from an 
angle of  to .  o0

ο

cmax
ο ,60

o60

and

Figure 3(iii) shows a sequence of vorticity plots for 
 and these plots indicate a behavior that is different 

for either of the two previous cases. No vortex street is 
observed to form in this case. Instead, one pair of counter-
rotating vortices are formed in each half stroke and these vortex 
pairs are found to move primarily in the horizontal (right or left 
depending on which half of the stroke forms the vortices) 
direction. The key difference here is the formation of a strong 
and distinct trailing edge vortex that is due to the even higher 
rotation experienced by the airfoil at each end of the stroke. No 
amalgamation of the stall and trailing edge vortices is observed. 
Instead the stall vortex convects past the trailing edge before 
the trailing edge begins to form and pairs with the counter-
rotating trailing edge vortex from the previous half-stroke. The 
trailing edge vortex from the current stroke forms subsequently 
and eventually pairs with the stall vortex from the following 
half-stroke. Thus, each vortex pair comprises of a stall vortex 
and a trailing edge vortex formed in two separate half-strokes. 
The flow is also found to be asymmetrical about x=0 although 
this asymmetry is not as obvious as that for . 

α 5= 7a

οα 60=a
The vortex topology is intimately linked with the 

aerodynamic forces experienced by the foil. Here we have 
computed the vertical (thrust) and horizontal (side) force 
coefficients by normalizing the respective forces by 

 and it is found that the mean thrust coefficients for 

 are equal to 1.07, 0.63 and 0.15 
respectively. Thus, the case with the well organized inverse 
Karman vortex street produces the largest thrust and this is 
inline with previous observations (Freymuth 1990, 
Triantafyllou et al. 1991). A simple measure of the propulsive 
efficiency is the ratio of the mean thrust to the root mean square 
side–force and this is estimated from the current computations 
to be equal to 0.39, 0.31 and 0.08 for  
respectively. Thus, the case where the inverse Karman vortex 
street is formed produces the most thrust and does so with the 
highest efficiency. Thus, as concluded previously by other 
researchers (Freymuth 1991, Triantafyllou et al. 1991, 
Anderson et al. 1998), the formation of the inverse Karman 
vortex street coincides with optimal thrust generation for a 
flapping foil. 

V 25.0 ρ

α 45=a
οο 75

οοοα 75,6045= anda

 
Paired Wing  

Insects such as dragonflies and damselflies are endowed 
two pairs of wings wherein each pair can flap independently of 
the other. Various experimental studies have noted the phase 
relationship between the hind and forewings of these insects 

(Alexander 1986, Wakeling & Ellington 1997, Azuma 1992) 
and attempted to explore the aerodynamic advantage that the 
interaction between the two wings would bestow on these 
insects. It is particularly interesting to study the aerodynamics 
of paired wings from the point of view of mimicking insect 
flight in a mechanical systems since in principle, paired (or 
even higher number) wing systems could be incorporated by a 
simple repetition of a single wing system. Nature seems to have 
limited wing systems to only a few number of pairs but there is 
no reason why such a limitation be imposed on mechanical 
systems! 

In the current study we examine the aerodynamics of a 
paired wing in normal hover conditions. Thus, in effect another 
wing is added beneath the wing employed in the single wing 
simulations. The hindwing oscillates with the same amplitude 
and frequency as the forewing and the distance between the 
centers of the two wings is fixed to 1.5c. Furthermore, the 
maximum pitch angle for both wings is also maintained at 

and here we focus primarily on the effect of varying the 
phase lag of the hindwing on the aerodynamic performance of 
the wing pair. 

o45

Four different values of phase lag, ( ) 
are employed and Figure 4 shows the vorticity contour plots at 
one time instant for each of these cases. All cases show a highly 
complex interaction between vortex structures generated by the 
two wings and no clear vortex arrangement can be discerned.  
The aerodynamic performance of the paired wing system has 
been summarized in Figure 5. In Figure 5(a) is plotted the mean 
thrust coefficient for both the wings for the four different phase 
lags. Also, indicated on this plot is the thrust coefficient for a 
single wing at the same operational conditions. From this plot it 
is observed that both wings produce a higher than nominal 
thrust when the phase lag is zero. Interestingly, it has been 
suggested (Alexander 1984, 1986, Rüppell 1989) that parallel 
stroking (i.e. stroking with near zero phase lag) in dragonflies 
may produce higher lift forces and the current results certainly 
support these suggestions.  

oooo 270and180,90,0

As the phase lag is increased, the thrust of the forewing 
decreases monotonically to a value slightly lower than the 
nominal value. In contrast, for the hindwing, the thrust initially 
increases with increasing phase lag and then decreases rapidly 
to a value significantly less than the nominal value.  The 
variation of rms side force with phase lag is shown in Figure 
5(b). For the fore wing, the side force is not very different from 
that of a single wing. However for the hind wing, the side force 
is more than twice the nominal value at low phase lag and 
remains higher than the nominal value for all values of phase 
lag simulated here. 

The thrust efficiency for the two wings is plotted in Figure 
5(c) and this again indicates that the efficiency of the forewing 
is similar to that observed for a single wing whereas the hind 
wing operates at significantly reduced efficiency for all value of 
phase lag. Thus the limited set of simulations presented here 
indicate that the overall efficiency of the paired wing system is 
lower than a single wing for all values of phase lag.  
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4. CONCLUSIONS 

Numerical simulations have been used to simulate and 
analyze the aerodynamics of flapping flight. Both single as well 
as paired wings have been analyzed in the normal hovering 
mode. For the single wing, the simulations indicate that among 
all the various vortex topologies associated with a flapping foil, 
the formation of an inverse Karman vortex street is 
accompanied with the highest thrust efficiency. The 
aerodynamic performance of a paired wing has also been 
examined using numerical simulations. The simulations 
indicate that parallel stroking produces a relatively large thrust 
force and this is in line with previous experimental studies. 
However the simulations also indicate that the efficiency of the 
paired wing system is lower than an isolated wing at least in the 
regime covered in the present study. The results presented in 
this paper are a precursor to a more comprehensive study of the 
paired wing wherein the effect of varying other parameters will 
be considered.  
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 Figure 1. Photograph of a dragonfly 
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Figure 2. Schematic of a foil undergoing combined pitch-and-heave maneuver 
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Figure 3.   Sequence of spanwise vorticity contours for a single airfoil in hover. 
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Figure 4.  Spanwise vorticity contours for the paired wing with different phase lags  (a) 0o  (b)
90o  (c) 180o (d) 270o. Note that the foils are pitching in the vertical direction (instead of
horizontal). Furthermore, for the paired wing study, we employ a 1/8th thickness flat plate with
rounded edges instead of an elliptic foil. 
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Figure 5.  Aerodynamics performance of the paired wing  (a) Mean 
thrust coefficient  (b) RMS side force coefficient (c) Thrust efficiency 
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