Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION—SUMMER SESSION
MORNING EXAM—REAL ANALYSIS

Tuesday, August 23, 2022

Instructions: Read carefully!

1. This closed-book examination consists of 5 problems, each worth 5 points. The
passing grade is 2/3 of the total points. Partial credit will be given as appropriate;
each part of a problem will be given the same weight. If you are unable to prove
a result asserted in one part of a problem, you may still use that result to help in
answering a later part.

2. You have been provided with a syllabus indicating the scope of the exam. Our purpose
is to test not only your knowledge, but also your ability to apply that knowledge, and
to provide mathematical arguments presented in clear, logically justified steps.
The grading will reflect that broader purpose.

3. The problems have not been arranged systematically by difficulty. If a problem
directs you to use a particular method of analysis, you must use it in order to receive
substantial credit.

4. Start your answer to each problem on a NEW sheet of paper. Write only on ONE SIDE
of each sheet, and please do not write very near the margins on any sheet. Arrange

the sheets in order, and write your NAME and the PROBLEM NUMBER on each
sheet.

5. This examination will begin at 8:30 AM and end at 11:30 AM. You may leave before
then, but in that case you may not return.

6. Paper will be provided, but you should bring and use writing instruments that yield
marks dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Suppose we have a sequence of real numbers ay, such that ), | |a| converges. Prove
that >";7, ai converges. Also show that the converse is false.

Solution: Since Y - |ag| converges, limy_, |ax| = 0. Therefore, there exists an N
such |ag| < 1 for all k > N. Consequently, 0 < a? < |ax| < 1 for k > N and
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SO Y ., a; converges by comparison.

For showing the converse is false consider aj, = 1/k for which »,° | |ax| = +o00 but
Soreai < +oo.

2. Suppose f :[0,1] — R is continuous. Prove eo f(@)dz < fol el @) dz.

Hint: First consider Riemann sum approximations.

Solution: We can compute fol f(z)de as lim, oo £ 377 f(52) , and folef(“") dz in
similar fashion. Now,
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By U (efw)ef(%)ef(%)...g("%))"
< 1 <€f(0) 4ol LB +...+ef<"7‘1>>
on

by the arithmetic-geometric means inequality. Since this holds for all n, passing to
the limit gives us the result.

Alternative solution: This is an immediate consequence of Jensen’s inequality applied
to the exponential function and the random variable f(U), where U is distributed
uniform(0, 1).




3. Let f(x) = —L_¢=3%" denote the standard normal probability density function, and

let g(z) = %e"z‘ denote the double exponential density function. Find the smallest
value of ¢ > 0 such that f(z) < cg(z) for all z € R.

Solution: The condition

1 1.2 1
e 2% <c-e Pl forallz € R
Vor -2

can be rewritten as
ie’%ﬁ*"”‘ <cforallz e R
V2 o

so the minimum value of ¢ is given by

2
Sup ——e
:tp 2T

—%z2+|x|

To find the supremum, we maximize the exponent —%:c2+ |z|. By symmetry, it suffices
to maximize over x > 0, and for such z

(n+1)

. Suppose a, > 0forn=1,2,...and )~ a, < +oo. Prove that >~ | ar < 4o00.

Hint. Define
I = {n : az/("ﬂ) < 2an},

and show that for n ¢ I we have aj/ """ < 1/27.

Solution: If n ¢ I we have
/() > 24,

n

so that

n n+l _n+l _ on+l n
a, >2""a, " =2""a,a,,
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and dividing both sides by 2"™'a” gives
an < 1/2"1,

Consequently
a/ "t < 1/2m,

Breaking the sum of interest into two pieces,

f: az/(n+1) - Z az/(n-&-l) + Z az/(n—&—l)
n=1 nel n¢1
<Y 2a,+ > 1/2"
nel n¢l

and these last two sums are finite.

. Suppose g, : [0, 1] — R is continuous function for n = 1,2..., with g, — ¢ uniformly,
and define f,(z) = [ gn(t)dt. Show f, converges uniformly to a differentiable limit
function f and describe this function.

Solution: Since the functions g, are continuous, by uniform convergence the limit
g is also continuous and we can define define a function f(z) = [, g(t)dt. Observe
that this function is differentiable with ' = g.

We proceed to show uniform convergence of f, to f, i.e.,

sup [ fn(2) — f(2)] = 0.

z€[0,1]

For this,

sup |fu(z) — f(z)| = sup

x€0,1] z€[0,1]

Z%%@—mwﬂ

=0

/ gn(t)dt—/ g(t)dt‘ = sup
t=0 t=0 .TE[O,I]

Smm/xmw—mmwz/ 19a() — g(0)] dt.

z€[0,1] Jt=0 t=0
The last equality follows from nonnegativity of the integrand. By uniform convergence
if € > 0 there exists NV such that for n > N we have sup;c( 1) [9.(t) — g(t)| < € so for
n > N we have ftlzo lgn(t) — g(t)|dt < e.




Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION—SUMMER SESSION
AFTERNOON EXAM—PROBABILITY

Tuesday, August 23, 2022

Instructions: Read carefully!

1. This closed-book examination consists of 5 problems, each worth 5 points. The
passing grade is 2/3 of the total points. Partial credit will be given as appropriate;
each part of a problem will be given the same weight. If you are unable to prove
a result asserted in one part of a problem, you may still use that result to help in
answering a later part.

2. You have been provided with a syllabus indicating the scope of the exam. Our purpose
is to test not only your knowledge, but also your ability to apply that knowledge, and
to provide mathematical arguments presented in clear, logically justified steps.
The grading will reflect that broader purpose.

3. The problems have not been arranged systematically by difficulty. If a problem
directs you to use a particular method of analysis, you must use it in order to receive
substantial credit.

4. Start your answer to each problem on a NEW sheet of paper. Write only on ONE SIDE
of each sheet, and please do not write very near the margins on any sheet. Arrange

the sheets in order, and write your NAME and the PROBLEM NUMBER on each
sheet.

5. This examination will begin at 1:30 PM and end at 4:30 PM. You may leave before
then, but in that case you may not return.

6. Paper will be provided, but you should bring and use writing instruments that yield
marks dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Five (5) balls are dropped on a table that has 7 holes. Assuming each ball falls
independently into any of the 7 holes with equal probability, find the probability that
there is at least one hole into which more than one ball falls.

Solution: Call the desired event A. Then A° is the event that each ball goes in a
distinct hole, and

o T6-5-4-3
2041
Therefore, P(A) =1 — T83%2 = 5101 0.85.

8
o

2. X and Y are independent standard normals, i.e., each have density p(x) = ¢
Find the density of U = %

Solution: ~ The joint pdf of X and Y is f(z,y) = ¢(x)e(y) = %e—%(x“yg) for
X
(z,y) € R?2. We're told U = v %0 consider the mapping (z,y) — (u,v) defined by

u = E, v =y from R? to R%2. This mapping is invertible and
)

r=wuv and y=wv
is the inverse mapping. The Jacobian determinant of this inverse is
Jdr Oz
o ZF vou
J::det{% %}:det{o 1}:11.
Therefore, the joint pdf of U and V is
|U| 102,22 |U| _ 02?4
= T = ol = Hemawvte®) — IE _
g(u,0) = f(wy) - || = fluw,0) o] = Sle et
We now find the marginal gy (u) for U: Fix any u € R; then
1 > v2[u2+1]
= — —— 3z
gu (u) o /_Oo lule v
2 oo

'ug[u2 1 .
= 5 ve T dv (next substitute w = #02, dw = [1 + u?v dv)
T Jo

1/°o 1, 1
= — e Vdw = ———,
T Jo 1+ u? (1 + u?)

the standard Cauchy density.




3. Two (2) people each toss a fair coin until they observe the trial number of their first
head. Let X (resp., Y) represent the trial of person 1’s (resp., person 2’s) first head.
Compute F(X|X <Y), i.e., the conditional expectation of X given X < Y.

Solution: First of all,

EX|X<Y) = Y k-P(X=kX<Y)
k=1

., PX=kX<Y)
B ;k P(X <Y)
., PX=kk<Y)
B ;k P(X <Y)
B P(X =k)P(Y > k)
B Zk PX<Y)

Since P(X <Y) = P(Y < X) we have 2P(X <Y)+P(X =Y)=1. Now,

P(X =Y) :ZP(X:k;,Y:k):ZP(X:k)P(Y:k):Z(%)%:%.

k=1 k=1

Therefore, P(X < V) = (1 —1)/2 = L Lastly, P(X = k) = P(Y > k) = (})".

Substituting this information into our calculation above we have

= 4
E(X|X <Y) = Zk; =3

since the summation represents the mean of a geometric random variable with success
probability 2.

4. X and Y are independent random variables each having mean 0 and variance 1. Find
a value ¢ such that P[(X +Y)? > (] is at most .2.

Solution: ~ Note that, by independence, E[(X + Y)?] = E[X? + 2XY + Y?]| =
E[X?] 4+ 2E[X]E[Y] + E[Y?] = 2. Therefore, by Markov’s inequality,

E[(X+Y)? 2

P(X+Y)?>d < EX+Y)] _ 2

c

C

<0.2



exactly when ¢ > 10.

. Let A and B be mutually exclusive events such that P(A) = p and P(B) = ¢ with
0 <p+q<1. An experiment consists of repeated independent trials where on each
trial we observe whether A, B, or (AU B)¢ occurred. Compute the probability that
A occurs before B.

Solution: If welet A;, B; and C; represent the events of A, B and A°N\B¢, respectively,
occurring on trial 7, then the event that A occurs before B is the event

00 i—1
Alu(CmAg)u(CmCmAg)u---:U(Amﬂck>.

i=1 k=1

Since the events in this union are mutually exclusive and events with differing sub-
scripts are independent, the probability of this event is

= P(A)+P(CiNA)+P(CiNCyNAs) 4 - -

= p+A-p—gp+Q-p—qPp+--
p p

1-(1-p—q) p+q




Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION—SUMMER SESSION
MORNING EXAM—LINEAR ALGEBRA

Wednesday, August 24, 2022

Instructions: Read carefully!

1. This closed-book examination consists of 5 problems, each worth 5 points. The
passing grade is 2/3 of the total points. Partial credit will be given as appropriate;
each part of a problem will be given the same weight. If you are unable to prove
a result asserted in one part of a problem, you may still use that result to help in
answering a later part.

2. You have been provided with a syllabus indicating the scope of the exam. Our purpose
is to test not only your knowledge, but also your ability to apply that knowledge, and
to provide mathematical arguments presented in clear, logically justified steps.
The grading will reflect that broader purpose.

3. The problems have not been arranged systematically by difficulty. If a problem
directs you to use a particular method of analysis, you must use it in order to receive
substantial credit.

4. Start your answer to each problem on a NEW sheet of paper. Write only on ONE SIDE
of each sheet, and please do not write very near the margins on any sheet. Arrange

the sheets in order, and write your NAME and the PROBLEM NUMBER on each
sheet.

5. This examination will begin at 8:30 AM and end at 11:30 AM. You may leave before
then, but in that case you may not return.

6. Paper will be provided, but you should bring and use writing instruments that yield
marks dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Consider the symmetric tridiagonal matrix A,, with 2 on the main diagonal and 1 on
its first off-diagonal. For example, when n = 4, the matrix in question is

210 0
1210
Adi=1g 1 9 1
001 2

(a) Compute the determinant of A4 above, and show that this matrix is invertible.

(b) Find a recurrence relation for the determinant of A,, and solve it to find the
general expression. Conclude that A,, is invertible for all n > 1.

Solution: (a) Expanding by minors, we find that det(A4) = 5.

(b) An approach by induction works well, since

Now det(A;) = 2, and det(A;) = 3, so expanding by minors along the first column, we
see that det(As) = 2det(Ay) — 1det(Ay), where A, is the matrix A, with its first row
replaced by [1,0]. This equals 2(3) — 1(2) = 4. In general, det(A,) = 2det(A4,_1) —
ldet(A,_1), and det(A,) = det(A,_1). So we obtain det(4,) = 2det(A,_) —
1det(A,,_2), which is a second-order recurrence relation a, = 2a, 1 — a,_2, with
a1 = 2,ay = 3. This has the simple solution a,, = n + 1, which one could easily
guess from the first few values: indeed, we get 2n — (n — 1) = n + 1, as claimed. So
det(A,) =n + 1 for all n, and this determinant is never 0.

2. Consider the following statement: Let A € R™*" b € R™, and suppose there are two
distinct solutions z1, xo € R™ to the system Ax = b. Then there is some ¢ € R™ for
which there is no solution to Az = c.

Either prove that the statement is true for all m and n, or find a counterexample for
some m and n.

Solution: Here is a simple example for the case n = 2m: Consider A = [I,,,, I,,,], and
any b € R™. Then [b*,07]7 and [0 ,b7]T are distinct solutions to Az = b, but A



clearly has full column rank. In particular, given any ¢ € R™, the vector x = [¢T, 01 7
solves Ax = c.

For completeness, we now consider the case of general m and n. If n < m, then
rank(A) = n — nullity(A) < n < m, so there is some ¢ € R™ for which there is
no solution to Az = c. If n > m, consider A = [I|A4'], where A’ € R™*("=m) ig
any matrix. Then nullity(A4) = n — rank(A) = n —m > 0, so the nullspace of A
is nontrivial; further, im(A) = R™. Thus for any b € R™ there are two distinct
solutions to the system Ax = b. But there is no ¢ € R™ for which there is no solution
to Ax = ¢, so we have produced the desired counterexample.

. Suppose A € R™" gatisfies A? = 24 — I. Show that the characteristic polynomial of
Ais (t —1)™

Solution: The given condition says that (A—1I)? = 0. Thus, the minimal polynomial
of A divides (t — 1)?, so the only possible eigenvalue of A is 1. Since A has order n,
its characteristic polynomial must be (t — 1)™.

. Let A, B € R™" be symmetric matrices, and suppose B is positive semidefinite. We
say that A is positive semidefinite with respect to B if for any x € R™ with 27 Bx # 0,
we have 27 Az > 0. Let B'/? be the unique symmetric positive semidefinite square
root of B.

Show that if A and B are symmetric, B is positive semidefinite, and A is positive
semidefinite with respect to B, then B'/2AB'/? is positive semidefinite. [Hint: Reduce
to the case where B is diagonal, then consider the quadratic form associated to
Bl/2 A Bl/2.]

Solution: Let A be symmetric and let B be symmetric positive definite with spectral
decomposition B = UAU”, where U is a real orthogonal matrix and A is a diagonal
matrix with nonnegative entries. It is straightforward to argue that A is positive
semidefinite with respect to B if and only if the symmetric matrix UAU? is positive
semidefinite with respect to A. Another straightforward argument then establishes
that it is sufficient to prove the desired result in the case that B is a diagonal positive
semidefinite matrix. For this, we may suppose that the first k£ diagonal entries of B
are strictly positive and the last n — k diagonal entries vanish, where 0 < k < n.

To prove that BY2AB'Y? is positive semidefinite, we show that y? BY/2AB?y > 0
for any vector y. This nonnegativity is an immediate consequence of the positive

3



semidefiniteness of A with respect to B. Indeed, if # = B'/?y, then 27 Bz = y" B%y #
0 if and only if at least one of yq, ..., y, is nonzero; on the other hand, if y; = --- =
yr = 0, then BY?y =0 and y" BY/2ABY?y = 0.

Remark: The converse holds under the condition that im(A) C im(B). If BY/2AB/?
is positive semidefinite, then y” Ay > 0 for any y € im(B). From the condition
that im(A) C im(B), we see that null(B) = im(B)* C im(A4)* = null(4). Then
for any vector x € R™ with 7 Bz # 0, decomposing x = y + 2 with y € im(B) and
z € null(B), we must have z € null(A4), too. So 2T Ax = (y+2)TA(y+2) = yT Ay >0
since y € im(B).

. Consider a matrix of the form

aw =05

z I,

where x € R". Give a necessary and sufficient condition for A(x) to be invertible.

Solution:  The necessary and sufficient condition for A(x) to be invertible is that

]l # 1.

Method 1: Suppose ||z|| = 1. Then y = [1,—27T]T satisfies A(x)y = 0, so A(x) is
not invertible. If ||z|| # 1, we note that A(0) = I,1; is clearly invertible, so we may
consider ||z|| # 1, x # 0. For any y = [¢,vT]T, if A(z)y = 0, then (i) ¢+ 2Tv = 0,
which implies that ¢ = —2%v; and (ii) cx +v = 0. So (zTv)x = v, implying that
v and z are linearly dependent. If v = ax, this last equation reads al|z|*r = ax,
or equivalently, a(||z||> — 1)z = 0, which is impossible unless a = 0 since ||z|| # 1
and x # 0. But a = 0 implies that v = 0, so ¢ = 0 and y = 0. That is, A(z) is
nonsingular. So A(x) is nonsingular if and only if ||z|| # 1.

Method 2: Clearly, the last n columns of A(x) are linearly independent, so A(z) is
not invertible if and only if the first column can be expressed as a linear combination
of the others. Letting co, ..., ¢, denote the columns of A(z) then solving

Co = U1Cy + -+ UpCy

for u; € R, we see that a solution exists if and only if u; = z; for i = 1,...,n, and
1 =" waw;,ie, if and only if 1 ="  2?. So A(z) is nonsingular if and only if
]| # 1.
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